In this paper, the author considers the following nonlinear fractional boundary value problem: 
Introduction
Fractional calculus has applications in many areas, including fluid flow, electrical networks, probability and statistics, chemical physics and signal processing and so on; see [-] and the references therein. In recent years, there have been many papers dealing with the existence of solutions of nonlinear initial (or boundary ) value problems of fractional equations by applying nonlinear analysis such as fixed point theorems, lower and upper solution method, monotone iterative method, coincidence degree theory. However, up to now, there are few results on the solutions to fractional boundary value problems that are established by the variational methods; see for example, [-] . It is often very difficult to establish a suitable space and variational functional for fractional boundary value problem, especially for the fractional equations including both left and right fractional derivatives.
Jiao and Zhou [] were first to show that the critical point theory is an effective approach to track the existence of solutions to the following fractional boundary value problem (BVP for short): where α =  -β/ ∈ (/, ]. Physical models containing fractional differential operators have recently renewed attention from scientists which is mainly due to applications as models for physical phenomena exhibiting anomalous diffusion. A strong motivation for investigating the fractional BVP (.) comes from the fractional advection-dispersion equation (ADE) . A fractional ADE is a generalization of the classical ADE in which the second-order derivative is replaced with a fractional-order derivative. In contrast to the classical ADE, the fractional ADE has solutions that resemble the highly skewed and heavy-tailed breakthrough curves observed in field and laboratory studies [ In [-] , by use of some three critical points theorem or the mountain pass theorem, the authors, respectively, studied the existence of multiple solutions to the following problem:
where λ is a parameter. In [] , by using the critical point theorem established by Bonanno, Bai investigated the following problem:
where λ is a parameter and a : R → R is a nonnegative continuous function. In [] , by applying critical point theorems, Li, Sun and Zhang studied the existence of solutions to the following problem:
where λ lies various interval. In [] , by the variational method combined with an iterative technique, Sun and Zhang investigated the existence of solutions to the following problems:
Very recently, in [] , by using a three critical points theorem, Ferrara and Hadjian studied the existence of three solutions for the following problem:
where λ, μ are two parameters and f , g : [, T] × R → R are two nonnegative continuous functions. Some fractional equations including both left and right fractional derivatives and having some relations with BVP (.) were also investigated; see, for example, [-] . By the critical point theory, Jiao and Zhou in [] established the existence of solutions for the following fractional boundary value problem:
On the other hand, the variant fountain theorems are effective tools for studying the existence of infinitely many high or small energy solutions [, ] .
Different from the work mentioned above, in this paper, the author attempts to apply the variant fountain theorems to study the existence of infinitely many small or high energy solutions to BVP (.). As pointed out in [, ], the variant fountain theorems do not need the (P.S.) or (P.S. * ) conditions, which is an important condition usually assumed in the literature. By taking advantage of the variant fountain theorems, to consider the infinitely many solutions to BVP (.) in this paper, the Ambrosetti-Rabinowitz condition is not needed. This is one of the new features of the paper compared with some papers above such as [] . In [], because of applying fountain theorems, the (P.S.) condition, or say, the Ambrosetti-Rabinowitz condition (which ensures that the P.S. condition holds) is necessary. In addition, the assumed conditions in this paper are easy to verify. The paper is arranged as follows. In Section , the author presents some necessary preliminary facts that will be needed in the paper. In Section , the author establishes the existence of infinitely many small or high energy solutions for BVP (.) and gives two examples to show the effectiveness of the results obtained.
Preliminaries
To apply the variant fountain theorems to the existence of infinitely many solutions for BVP (.), we shall state some basic notations and results, which will be used in the proofs of our main results.
Throughout this paper, we denote α =  -
, and we assume that the following condition is satisfied.
(H) F(t, x) is measurable in t for every x ∈ R N and continuously differentiable in x for a.e. t ∈ [, T], and there exists a ∈ C(
for all x ∈ R N and a.e. 
where n - ≤ γ < n and n ∈ N. In particular, if  ≤ γ < , then 
N ) with respect to the weighted norm
As in [], we note the following.
having an αth order Caputo fractional derivative
 is a reflexive and separable Banach space.
According to Lemma ., we consider E α,p  with respect to the norm
in this paper.
and the sequence {u k } converges weakly to u in E α,p
In the following, we always consider the space E α,p  with p =  and denote
 with the corresponding norm u = u α, . Moreover, we always assume that
Remark . By Lemma ., it is easy to see that the space E α is a separable Hilbert space with the inner product
To study the existence of infinitely many solutions of BVP (.), we need to introduce the following variant fountain theorems. Let X be a Banach space with the space norm · , and
The following two variant fountain theorems were established in [, ].
Lemma . Assume that λ satisfies:
In particular, if {u(λ n )} has a convergent subsequence for every k, then  has infinitely many nontrivial critical points
Lemma . Assume that the functional λ defined above satisfies:
Remark . Carefully analyzing the proof of Lemma . and Lemma . in [, ], we can find that the condition (A  ) in Lemma . and the condition (B  ) may be slightly weak compared to the condition (A  ) and condition (B  ) , respectively, as follows:
(B  ) There exist a k  >  and ρ k > r k >  such that for k ≥ k  , the following relation holds:
Then the conclusions in Lemma . and Lemma . still hold for k ≥ k  .
Main results
We define a family of functionals λ : E α → R as follows:
where
In view of [], we know that under the condition (H), λ is continuously differential and
By Theorem . in [], we have the following lemma.
Lemma . If u ∈ E α is a weak solution of BVP (.), then u is a solution of BVP (.).
Hence, by Remark ., and (.)-(.), we may concentrate our attention on finding critical points of the functional  in E α to obtain some solutions of BVP (.).
Since E α is a separable Hilbert space in terms of Remark ., we can choose a completely orthonormal basis {e i } ∞  of E α and define X j = Re j . Then W k , Z k can be defined as before.
We give a list of assumptions which will be used in the sequel.
(H  ) There exist constants  < τ , η < , and
, and function c satisfying that
for all x ∈ R N with |x| ≤ δ and a.e. t ∈ [, T].
We give several lemmas below which will be used in the proof of our main results.
Lemma . Let E be any finite-dimensional subspace of E α . Then there exists a constant
Proof On the contrary, suppose that there exists a sequence {u n } ⊂ E \ {} such that
, n ∈ N. Then v n =  and
By the boundedness of {v n }, passing to a subsequence, if necessary, we may assume that v n → v with v =  in E for some v ∈ E. From the equivalence of any norm in finitedimensional space, it follows that
Since v = , there exists a constant δ  >  such that
Then for n large enough, from (.), (.), it follows that
and therefore
for n large enough. This is in contradiction with (.), and the proof is complete.
By an argument similar to the proof of Lemma  in [], we can obtain the following lemma.
Lemma . Assume that the function G(t, x) satisfies the following requirements: (i) G(t, x) is measurable in t ∈ E for every x ∈ R N and continuous in x for a.e. t ∈ E, where

 < meas E < ∞. (ii) There exists a constant d >  such that lim |x|→∞ G(t, x) > d, for a.e. t ∈ E. Then, for every  < d  < d, and δ > , there exists a subset E δ ⊂ E with meas(E
Proof First, we show that the following conclusion is true.
Conclusion
Assume that the function sequence {g n } satisfies the following: (i) g n (t) is measurable in t ∈ E. (ii) There exists constant d >  such that lim n→∞ g n (t) > d, for a.e. t ∈ E. Then, for every δ > , there exists a subset E δ ⊂ E with meas(E \ E δ ) < δ such that lim n→∞ g n (t) > d uniformly for all t ∈ E δ .
In fact, without loss of generality, we may assume that lim n→∞ g n (t) > d for all t ∈ E. Define E n = ∞ k=n {t ∈ E|g k (t) > d}. Then E n is measurable and E n ⊂ E m if n < m. Thus, E = ∞ n= E n and meas E = lim n→∞ meas E n , which implies that lim n→∞ meas(E \E n ) = . Hence, for every δ > , there exists n  such that meas(E \ E n  ) < δ. Let E δ = E n  , then meas(E \ E δ ) < δ, and there exists n  such that g n (t) > d for all t ∈ E δ as n ≥ n  , i.e. lim n→∞ g n (t) > d uniformly for t ∈ E δ . Now, let g n (t) = inf |x|≥n G(t, x). Then by the continuity of G(t, x) in x for a.e. t ∈ E, we know that g n (t) is measurable for all n. Also, lim n→∞ g n (t) ≥ d for a.e. t ∈ E. Thus, for every  < d  < d, and δ > , by the above conclusion, there exists a subset E δ ⊂ E such that lim n→∞ g n (t) > d  uniformly for t ∈ E δ , and so, lim |x|→∞ G(t, x) > d  uniformly for t ∈ E δ .
Lemma . Assume that (H), (H  ), and (H  ) hold. Then B(u) ≥  for all u ∈ E α and B(u) → ∞ as u → ∞ on any finite-dimensional subspace of E α .
Proof It is obvious that B(u) ≥  for all u ∈ E σ by (H  ) and (.).
Let E be any finite-dimensional subspace of E α . We claim that B(u) → ∞ as u → ∞ on E. In fact, for any u ∈ E, set D u = {t ∈ [, T]||u(t)| ≥ ε  u }, where ε  is given in Lemma .. Then meas D u ≥ ε  by Lemma .. In terms of Lemma . combined with condition (H  ), we know that for δ = ε  /, and  < d  < d, there exist R >  and a subset
we get meas E u > ε  /. Thus, for any u ∈ E with u ≥ R ε  , by (.) we have
This shows that B(u) → ∞ as u → ∞ on E. The proof is complete.
Lemma . Assume (H), (H  ), and (H  ) hold. Then there exist a k  >  and two sequences  < r k < ρ k →  as k → ∞ such that for k ≥ k  , the following relations hold:
there exist a constant ε and a sequence {u j } ⊂ E α with u j ⊥ W k j - such that u j =  and
we know that u j  in E α , and therefore
δ, where δ is described in (H  ). Then for any u ∈ E α with u ≤ δ  , it follows from Lemma . that |u(t)| ≤ δ, for any t ∈ [, T]. Hence, according to (H  ), we get
for any u ∈ E α with u ≤ δ  , and therefore
by the Hölder inequality. Thus, by Lemma . together with (.)-(.), we obtain
for any u ∈ E α with u ≤ δ  and all λ ∈ [, ]. In view of the definition of α k , we know that
, then ρ k →  as k → ∞, and therefore, there exists a k  >  such that ρ k ≤ δ  as k ≥ k  . Hence, for any k ≥ k  and u ∈ Z k with u = ρ k , from (.), it follows that
In addition, for any k ≥ k  , all λ ∈ [, ] and u ∈ Z k with u ≤ ρ k , noting that
we have
This means that
Again, according to the fact that F ≥  on [, T] × R N , by applying Lemma ., we obtain
for any u ∈ Z k with u ≤ ρ k , and all λ ∈ [, ]. Combining (.) with (.), we get
On the other hand, once again using (.), and applying the reverse Hölder inequality, for any u ∈ E α with u ≤ δ  , we have
where c  = (
. In terms of the equivalence of any norm on finitedimensional space, we know that for any fixed k ∈ N, there exists a constant b k >  such that u sτ ≥ b k u for any u ∈ W k . Thus, by Lemma ., (.)-(.) and (.), we get
for any u ∈ W k , and all λ ∈ [, ]. Since  < τ < , we may choose  < r k < min{δ  , ρ k } small enough so that
and therefore (.) implies
The proof is complete. Now, we are in a position to state our first result in the present paper.
Proof By Lemma . and Lemma . combined with assumption (H), it is easy to see that λ maps bounded sets into bounded sets in E α uniformly for λ ∈ [, ]. Also, evidently, 
We claim that the {u(λ k n )} is bounded in E α . For simplicity, we still denote λ k n as λ n in the following.
In fact, by Lemma . and Lemma . together with (H  ), we have
noting that λ n (u(λ n )) → c k as n → ∞ and λ n (u(λ n ))| W n = . Thus, it follows from (.) that the sequence {u(λ n )} is bounded. Now, we show that {u(λ n )} has a convergent subsequence for every fixed k ≥ k  . In fact, owing to the fact that the sequence {u(λ n )} is bounded, and E α is reflexive, we know that there exists u ∈ E α such that, up to a subsequence, u(λ n ) u in E α . Keeping in mind that {e j } is the completely orthonormal basis of E α , W n = L(e  , e  , . . . , e n ), u = ∞ j= e j , u e j , and letting P n : E α → W n be the orthogonal projection operator, we know that P n u = n j= e j , u e j and P n u
observing that P n u → u in E α . Therefore, by (.), (.), we have
as n → ∞. Now, by (.) and applying Lemma ., we have
we immediately obtain
for all n ∈ N. Thus,
as n → ∞, and
as before. Thus, by (.) we know that Q n →  as n → ∞ according to (.). Also, by (.), we have
for all n ∈ N. On the other hand, since P n u -u →  in E α as n → ∞, for arbitrary ε > , there exists a N >  such that P n u -u < ε as n > N . Thus
as n ≥ N . Consequently, by (.) and (.), we have
as n ≥ N , and therefore,
which means that lim n→∞ u(λ n ) -u =  because of the arbitrariness of ε; namely, u(λ n ) → u in E α . Hence, by Lemma . and Remark ., we know that Theorem . is true. This completes the proof. Now, we establish another result in this paper. To this end, we first give some assumptions.
(H  ) There exist constants c > , p > , and  < q ≤ p such that 
We establish the following lemma to obtain the second result in this paper.
Proof We divide the proof into two parts. Part I. In this part, we will prove that there exists a sequence r k >  such that
In fact, by (H  ) , there exists a subset
T α | cos(απ)| -ε/, it follows that there exists δ >  such that
as |x| ≤ δ for t ∈ E  . By (H  ) together with (.), we know that there exists a constant c ε >  such that
for all x ∈ R N and a.e. t ∈ [, T].
Using the method as in the proof of Lemma ., we can deduce that α k →  as k → ∞. Thus for any u ∈ Z k , by (.), (.), Lemma ., and Lemma ., we have
According to p >  and α k →  as k → ∞, if we take r k = ( as n → ∞.
